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I. INTRODUCTION
Cosmological perturbation theory constitutes the cornerstone of our current understanding of the origin, evolution and formation of the cosmic large-scale structures. This theory starts from the splitting of the spacetime of the physical universe into a fictitious Friedmann-Lemaître-Robertson-Walker (FLRW) background and small perturbations around it. An important problem one should carefully deal with is the gauge issue which reflects the arbitrariness of the correspondence between the spacetime of the background and that of the real universe. A convenient way to circumvent this problem is by focusing on the gauge invariant variables. In the standard approach (or coordinate approach) to the cosmological perturbation theory, gauge invariant perturbations can be constructed (usually in a non-geometric way) as the combinations of gauge dependent metric and matter perturbations in a given coordinate system, as first done by Bardeen [1] and reviewed in Refs. [2, 3] for the linear perturbation theory. In the covariant approach (or geometric approach) developed in [4] [5] [6] [7] and based on earlier works by Hawking [8] and Ellis [9] , all the variables are covariantly defined. Crucial variables are those having vanishing values in the background FLRW universe. They themselves are perturbations in the real universe, and according to the Stewart-Walker Lemma [10] they are automatically gauge invariant 1 . One of examples is the Weyl tensor which vanishes in the FLRW universe because the FLRW spacetime is conformally flat. Hence all of the non-zero components of the Weyl tensor in the inhomogeneous universe must be gauge invariant. The advantage of this approach is that the gauge invariant variables have clear geometric and physical meanings through the covariant definitions. Some futher discussions about this approach can be found, e.g., in [11, 12] .
Besides the gauge issue, in recent years there are lots of interests in investigating the changes of cosmological perturbations under the conformal transformation or Weyl rescaling
where a, b = 0, 1, 2, 3 and the conformal factor Ω(x) is arbitrary real function of the coordinates and will be assumed to be positive in this paper. The conformal transformation, keeping the coordinate system fixed, will change from one frame to another. It is frequently used in the scalar-tensor theory of gravity, where in the Jordan frame the action of gravity contains a non-minimal coupling of a scalar field to the curvature scalar but the matter is minimally coupled to the metric. After a conformal transformation to the Einstein frame, the action of gravity becomes the Einstein-Hilbert one but the matter has a non-minimal coupling to the scalar field. These theories have no conformal symmetry and equations of motions have quite different forms in different frames, so sometimes the physical equivalence of different frames were questioned. However, the conformal transformations, considered as passive transformations, are essentially local field redefinitions of the same physical system and should not change the physics. So different frames should be physically equivalent and the observables are expected to be frame independent. To demonstrate this, it is crucial to find out the variables which are frame independent and correspond to what we measure in the experiments and observations. It was found [13] [14] [15] that the observables in the FLRW background, such as the redshift and the redshift-magnitude relation, are conformal invariant though the background evolution itseflt depends on the frame. Some perturbations were shown [13, [15] [16] [17] [18] [19] to be conformal invariant at the linear and non-linear order in terms of the coordinate approach. Especially the famous comoving curvature perturbation ζ [20] in single scalar field inflation models was found to be frame independent up to the full non-linear order [16] . This is important for some early universe models which account for the primordial perturbations. In these models, such as the Higgs inflation [21] , non-minimal couplings between gravity and a scalar field are involved and their predictions on the primordial perturbations can be calculated in the more familiar Einstein frame. Some implications of the equivalence between different frames on the early universe were discussed in Refs. [22] [23] [24] [25] , other discussions can be found in Refs. [26, 27] . Up to now all the studies on the conformal invariances or frame independences of cosmological perturbations were based on the coordinate approach. As mentioned above the covariant approach has some advantages to obtain the gauge invariant perturbations. With clear geometric meanings this approach is also expected to have advantages to show up the properties of perturbations under the conformal transformation. A simple example is the aforementioned Weyl tensor. It is gauge invariant according to the Stewart-Walker Lemma, and it is well known that it is also conformal invariant. The purpose of this paper is to investigate how the gauge invariant perturbations obtained via the covariant approach change under the conformal transformation, and we will show that the covariant approach provides a simple way to identify the conformal invariant cosmological perturbations. This paper is organized as follows: in Section II, we will briefly review the covariant approach; Some conformal invariant perturbations will be identified in Section III; The links to the coordinate approach will be presented in Section IV; In Section V we will discuss the gauge issue when expanding the covariant variables to higher order perturbations; Section VI is our conclusion.
II. BRIEF REVIEW ON THE COVARIANT APPROACH
In the covariant approach [4] [5] [6] [7] we first choose a preferred family of world lines which represent the motion of typical observers (fundamental observers) in the universe. The tangent vector of the flow lines u a = dx a /dλ is the four-velocity of the fundamental observers, where λ is the proper time along the flow lines. The four-velocity is timelike, future-directed and unit, u a u a = −1. Then we introduce the projection tensor into the tangent three-space orthogonal to u
It is useful to decompose the first covariant derivative of the four-velocity as
where ω ab is the antisymmetric vorticity tensor with ω ab u b = 0, σ ab is the symmetric shear tensor with σ ab u b = 0 and σ a a = 0, Θ ≡ ∇ a u a is the local expansion rate, and a a =u a ≡ u b ∇ b u a is the acceleration vector with a a u a = 0. The vorticity and shear magnitudes are defined by
If the vorticity ω ab vanishes, there exists a family of hypersurfaces Σ = constant to which u a is orthogonal everywhere, and σ ab + (1/3)Θh ab is the second fundamental form of the hypersurface, i.e., its extrinsic curvature. In general case, ω ab = 0, these hypersurfaces cannot be defined. It is also useful to introduce the local scale factor S = e α , here α is the integration of Θ along the flow lines with respect to the proper time
which is defined up to an integration constant. The matter sector is described by its energy momentum tensor. For single perfect fluid, the fluid velocity is identified with the four-velocity of the fundamental observers u a and its energy momentum tensor is decomposed as
where ρ = T ab u a u b is proper density, p = (1/3)h ab T ab is the pressure.
In the FLRW universe, the shear σ ab , vorticity ω ab and acceleration a a vanish, so themselves are gauge invariant perturbations. Other gauge invariant perturbations can be obtained from the spatial gradients of various scalar quantities, such as [4] 
and the one introduced in Refs. [28, 29] W a = D a α ,
where the derivative D a ≡ h b a ∇ b is the projection of the covariant derivative into the tangent three-space. In addition, we have some curvature variables which vanish in the background FLRW spacetime. One of which is the Weyl tensor, but it is more convenient to use its electric and magnetic parts
where η cd bf is the totally anti-symmetric tensor, with η 0123 = √ −g ≡ −|detg ab |. Moreover, one has the threecurvature at each pointR
In the case of hypersurface-orthogonal, the vorticity vanishes,R is the curvature scalar of the hypersurface Σ = constant and Eq. (9) is the contracted Gauss-Codazzi equation. The three-curvature scalar only vanishes in the spatial-flat FLRW universe, in general its perturbation δR is not gauge invariant. In the literature its associated gauge invariant perturbation is constructed by its spatial gradient in most cases [6] 
In this paper, however we will instead consider the following quantity
which vanishes in FLRW spacetime with any constant spatial curvature K, hence is automatically a gauge invariant perturbation.
III. CONFORMAL INVARIANT PERTURBATIONS
The conformal transformation (1) preserves the normalization of four-velocitỹ
so one has the relationũ a = Ω −1 u a . This means the proper distance changes by a dilation, dλ = Ωdλ. Keeping this in mind, it is immediately to find the change rules of the kinematical variables
Furthermore, for any scalar with conformal weight w,φ = Ω −w φ, its spatial gradient is transformed as
so φ −1 D a φ is both gauge and conformal invariant for the scalar field with conformal weight zero. The energymomentum tensor for matter changes asT
this can be seen from the definition of the energy-momentum tensor through the variation, T ab = (2/ √ −g)(δS m /δg ab ), where S m is the matter action. From this it is straightforwardly to know that the energy density and pressure of matter have the conformal weight 4, i.e.,ρ = Ω −4 ρ ,p = Ω −4 p, and the perturbations change as
Hence the following ratios get a shift by conformal transformation,
As far as the curvature variables are concerned, we first have the electric and magnetic parts of the Weyl tensor which are conformal invariant,Ẽ
The change of the three-curvature can be calculated through Eq. (13) and the conformal transformations of the curvature scalar R and Ricci scalar R ab , see for example [30] ,
thus Eq. (9) givesR
This implies the gauge invariant variable C defined in Eq. (11) changes as
With these formulae (13), (16) , (18) and (21), one can find out the gauge invariant perturbations which are also conformal invariant, such as
The quantities listed above are conformal invariant with any conformal factor Ω(x). Special interests arise in the case of hypersurface-orthogonal. These spacelike hypersurfaces are labeled by Σ = constant with Σ a scalar function. As known from above discussions, quantities like W a , a a , X a /ρ, Y a /p are not conformal invariant in general, but they are indeed invariant under the subset of conformal transformations in which the conformal factor only depends on Σ, i.e., Ω = Ω(Σ). Because u a is orthogonal to the hypersurface Σ = constant, it is easy to show that D a ln Ω(Σ) = 0 andW a = W a ,ã a = a a ,X a /ρ = X a /ρ,Ỹ a /p = Y a /p. More importantly one can show that in this case
so from Eq. (21) the variable C associated with the three-curvature is also invariant under the transformations with Ω(Σ), i.e.,C = C. In all, we picked out another kind of conformal invariant perturbations, W a , a a , X a /ρ, Y a /p and C which are invariant under a subset of conformal transformations in the special case of hypersurface-orthogonal, supplementary to the quantities listed in Eq. (22) . This is crucial for studies of cosmological perturbations in scalar tensor theories. In these theories the transforms between different frames are realized by the conformal transformations with the factors only depending on the scalar field, Ω = Ω(φ). The four-velocity u a is conveniently chosen to be normal to the hypersurface φ = constant. We know from above discussions that besides the perturbations listed in Eq. (22) the perturbations W a , a a ,X a /ρ, Y a /p and C are also frame independent. We will come back to this problem in the next section.
Of course we can also construct other invariant perturbations in a similar way. We will not exhaust all the possibilities in this paper, but we have seen that the covariant approach provides a convenient way to identify the cosmological perturbations which are both gauge and conformal invariant. In the next section we will see what the forms these conformal invariant perturbations have in the coordinate approach.
IV. LINKS TO THE COORDINATE APPROACH
In the coordinate approach, we first make the background-perturbation splitting in a given coordinate chart. The perturbed metric has the following form
where a is the scale factor, γ ij is the metric of three space with constant curvature K, and A, B i , ψ, E, F T ij = 0. The notation |i denotes the covariant derivative associated with the three space metric γ ij . In the rest of this paper we will also use this metric to raise and lower the spatial indices. Furthermore, we can decompose B i into the transverse and longitudinal parts
According to the normalization u a u a = −1, the expansion of the four-velocity to linear order is
where v i is considered as a linear perturbation. With this we will soon get
Similarly v i is decomposed into the transverse and longitudinal parts
Now we will use above equations to calculate the geometric quantities listed in the previous section. All of them are calculated up to the linear order. The vorticity tensor when expanding to the linear order is
and other components vanishes, where we have defined E For the shear tensor, we can show through calculations that the only non-vanishing component is σ ij . The gauge and conformal invariant shear tensor is
where ∆ is Laplacian associated with γ ij , i.e., ∆f = γ ij f |ij . The equation (30) means that the scalar perturbation v + E ′ , the vector perturbation v
and the tensor perturbation h T ij are both gauge and conformal invariant. Since the conformal transformation will not affect the vector and tensor perturbations (because the conformal factor Ω is a scalar function), we will not consider vector and tensor perturbations in the rest of the paper.
The acceleration vector (neglecting the vector perturbation) is
so we obtain the gauge invariant scalar perturbation
where
′ is the gauge invariant metric perturbation introduced by Bardeen [1] . We have seen from Eq. (30) that v + E ′ is both gauge and conformal invariant. But we know a i is not conformal invariant in general and H varies from frame to frame. So based on Eq. (32) we cannot judge whether Φ is conformal invariant or not. When combining it with the change ruleã i = a i + D i ln Ω, we can find that Φ is not conformal invariant, it changes asΦ
The next step is to calculate W a . For this purpose we first expand the variable α in Eq. (4) to the linear order
this gives the local scale factor,
and the quantity W a ,
Known from the previous section, the difference W a − a a is both gauge and conformal invariant, its spatial component is
where Ψ ≡ ψ−H(B −E ′ ) is another gauge invariant metric perturbation introduced in Ref. [1] . Above equation means that even though neither Ψ nor Φ is conformal invariant, their sum Ψ+Φ is. This is consistent with the computation of the Weyl tensor, for which up to linear order (only the scalar perturbations are included) the non-vanished component of the electric part is [6, 31] 
and all the components of the magnetic part vanish. The sum Ψ + Φ corresponds to the tidal force of gravitation and has many important applications in cosmology. For example its time dependence generates the integrated Sachs-Wolfe effect of the cosmic microwave background radiation (CMB) [32] . It is considered as the potential (the Weyl potential) to produce the gravitational lensing effect [33] . It is also appeared in the frame independent expression [13] of the ordinary Sachs-Wolfe effect of CMB [34] . The fact that Ψ + Φ is conformal invariant but Ψ or Φ alone is not has important implications in cosmology. In recent years there are lots of studies (see e.g., [35, 36] ) on distinguishing general relativity from modified gravity by cosmological probes. The latter is motivated by the interpretation alternative to dark energy of the current cosmic acceleration. A parameter which first comes to one's mind is the the ratio η = Ψ/Φ. However this parameter is frame dependent, and as noticed in these studies there are no direct probes to measure it. Hence it should be replaced by other parameters which are proportional to the Weyl potential Ψ + Φ. Similarly we can expand the gauge and conformal invariant quantity X a /ρ + 4W a to linear order, its non-vanishing component is
this means the combination R = δρ ρ − 4ψ + (
is both gauge and conformal invairant. This variable is more meaningful for the universe dominated by single radiation fluid. Generally the energy-momentum tensor of matter is covariantly conserved only in the frame in which the matter is minimally coupled, and in which the continuty equation follows,ρ
In
this is the curvature perturbation on uniform-density hypersurfaces, used extensively in the cosmological perturbation theory. The analyses of the links of Y a /p + 4W a and X a /ρ − Y a /p to the coordiante approach can be done in similar ways.
Up to now we have shown via the covariant approach that to the linear order the vector and tensor perturbations, and the sums of the scalar perturbations v + E ′ and Ψ + Φ and so on in the coordinate approach are both gauge and conformal invariant, whatever the conformal factor is. Hereafter we will consider the case of hypersurface-orthogonal in which u a is the normal vector to the hypersurface Σ = constant. In this case, a a , W a , X a /ρ, Y a /p and C are invariant under the subset of conformal transformations Ω = Ω(Σ). Firstly Eqs. (32) and (36) tell us that the following expressions are conformal invariant
then the expansions of X a /ρ and Y a /p give the following conformal invariant quantities
The variable ζ is the so called comoving curvature perturbation and takes an important role in cosmological perturbation theory. In addition, we have the three-curvature up to the linear order,
In terms of this equation one can obtain the gauge and conformal invariant perturbation C, i.e.,
again we get the result that ζ is invariant under the subset of the conformal transformations. The frequently quoted example is the scalar-tensor theory with single scalar field, such as the single field inflation model, in which
In these models we change between the Jordan and Einstein frames by the conformal transformation with Ω = Ω(φ), so that u a is normal to the hypersurface Ω = constant. Above discussions tells us that the comoving curvature perturbation ζ is frame independent. This was known from previous studies [13, [15] [16] [17] [18] [19] directly used the coordinate approach. Here from the viewpoint of covariant approach, it can be understood that the gauge and frame invariances of ζ are inherited from the quantities W a or C. In terms of the identifications
we can write down the detailed form of the comoving curvature perturbation
The invariant
is proportional to the entropy perturbation between the density and the field. Certainly R 2 is propotional to the entropy perturbation between the pressure and the field. Another invariant variable v + E ′ in this case corresponds to
is the gauge invariant perturbation of the scalar field [3] . This shows that δφ gi /φ ′ used in the coordinate approach is also frame independent.
Finally it deserves pointing out that if the foliated hypersurfaces are those with ρ = constant, the variables mentioned above are invariant under the conformal transformations with Ω = Ω(ρ). For this case,
is the famous curvature perturbation on uniform-density hypersurfaces. This proves that it is frame independent if the conformal factor only depends on the energy density.
V. GAUGE ISSUE OF HIGHER ORDER PERTURBATIONS
In this paper we have found through the covariant approach some covariantly defined perturbations, such as the quantities in Eq. (22) and W a , a a , X a /ρ, Y a /p, and C, which have both gauge and conformal invariances. These invariances are exact. They themselves are small perturbations and the gauge invariances are guaranteed by the Stewart-Walker Lemma. Furthermore, we did not make any approximation in proving the conformal invariances. The products of these quantities are thought as higher order perturbations and the gauge and conformal invariances are self-evident. However, sometimes we need to make expansions of these quantities by the metric and matter perturbations from the coordinate approach. In the previous section we only expanded them to the linear order. The gauge issue appears when expanding to higher orders. Taking C for example,
where C (1) was obtained in Eq. (45) and is both gauge and conformal invariant. Nevertheless the second order perturbation C (2) is not gauge invariant because C (1) does not vanish. According to the Stewart-Walker Lemma the gauge invariance of C (2) requires both C (0) and C (1) have zero values [37] , but this condition is not satisfied here. On the other hand, the conformal invariance is not affected by the perturbative expansion, C (2) and its higher order quantities are still conformal invariant. So in studying higher order perturbations, we may take the point that these quantities are obtained in a fixed gauge. For example, in the expansion (52), all the higher order perturbations C (n) with n > 1 are considered as perturbations in the comoving gauge. Since C is associated with the comoving curvature perturbation, we may say that the comoving curvature perturbation in the comoving gauge is conformal invariant to the full non-linear order. This is consistent with the result of [16] .
VI. CONCLUSIONS
The conformal transformation or Weyl rescaling is frequently used in the theories of gravity, especially the scalartensor theories. It transforms from one frame to another. Essentially the conformal transformation is a local field redefinitions and will not change the physics. The observables, such as the physical cosmological perturbations, should be frame independent. It is known from the studies in the coordinate approach that some key cosmological perturbations are conformal invariant. In this paper we revisited this problem via the covariant approach. We showed that in terms of this approach the cosmological perturbations which are both gauge and conformal invariant can be easily identified. We also showed that there are two kinds of invariant variables. The first kind is invariant under arbitrary conformal transformation, examples (via the coordinate approach in the linear order) include the vector and tensor perturbations, and the sums of the scalar perturbations such as v + E ′ , Ψ + Φ and so on. The second kind is available in the case of hypersurface-orthogonal and only invariant under a subset of the conformal transformations. A famous example of this kind is the comoving curvature perturbation ζ which takes a central role in the early universe models with single scalar field. We should point out that the results of this paper are proved to be valid for the universe with single component. It remains to be seen whether they can be extended to the universe with multi-components.The real universe contains in general several components and the covariant and gauge invariant variables in this case have been discussed for example in Ref. [7] . It would be interesting to investigate which variables among them are conformally invariant. We leave this for the future work.
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